In this paper, we establish new sharpened versions of Mitrinović-Adamović and Lazarević's inequalities. Further, we provide an application of our results to the improvements of Wilker's inequality for trigonometric and hyperbolic functions. We show that the coefficient assigned to each of these sharpened inequalities is best possible.
Introduction
Mitrinović and Adamović [6] proved that the inequality cos x < sin x x 3 (1.1)
holds for all x ∈ (0, π/2), and showed that the exponent 3 is the largest possible. A hyperbolic analogue of inequality (1.1) was presented by Lazarević [5] , which is stated as follows: 2) where x = 0, and the exponent 3 is the least possible. A number of generalizations, improvements and applications relating to Mitrinović-Adamović's inequality (1.1) and Lazarević's inequality (1.2) can be found in the literature [4, 7, 9, 12, 15, 19, 20, 21, 22, 26] . Among these investigations, we remark here that Wu and Baricz [15] dealt with the generalizations of inequalities (1.1) and (1.2) and obtained two excellent results, as follows: 
holds if and only if λ < 0 or λ ≥ 7/5.
The main purpose of this paper is to establish new sharpened versions of Mitrinović-Adamović's inequality (1.1) and Lazarević's inequality (1.2). Moreover, we provide an application of our results to the improvements of Wilker's inequality for trigonometric and hyperbolic functions. Proof. By the Taylor expansions of sin x and cos x
where 0 < θ < 1, it is easy to observe that 
This proves the desired inequality (2.1).
Next, we need to show that the coefficient 12 5 is the best possible in inequality (2.1) in the strong sense. Consider inequality (2.1) in a general form as
Taking the limit in (2.4) as x → 0, we get
Consequently, the coefficient α = 12 5 is the best possible in inequality (2.1). This completes the proof of Theorem 2.1. Theorem 2.2. For all nonzero real numbers x, the inequality
holds, where the coefficient Proof. We begin by recalling the result asserted by Theorem 1.2 in the introduction section, i.e.,
Choosing λ = 
Next, we shall explain why the coefficient 12 5 is the best possible in inequality (2.5). Consider inequality (2.5) in a general form as
we deduce that
Hence, the coefficient β = 12 5 is the best possible in inequality (2.5). The proof of Theorem 2.2 is thus completed.
Application to the Improvements of Wilker's Inequality
The inequality sin
is called in the literature as Wilker's inequality (see [8] ). This beautiful inequality has evoked the interest of many authors, and has motivated a lot of research papers involving its proofs, generalizations, variants and improvements (see [1, 2, 3, 10, 11, 13, 14, 16, 17, 23, 24] and the references therein).
In 2007, an inequality of Wilker-type for hyperbolic functions was presented by Zhu [25] sinh
Recently, Wu et al. [18] gave a sharpening of hyperbolic Wilker-type inequality as follows:
In this section, we establish new sharpened versions of Wilker's inequality for trigonometric and hyperbolic functions. Proof. In order to prove inequality (3.4), it suffices to prove that the following inequality (3.5)
Let sin x x = t. We conclude 2 π < t < 1 by virtue of the Jordan's inequality (see [7] 
A direct calculation gives
Consider the function
Differentiating f (t) with respect to t gives
that is,
By inequality (3.5), we get
which implies the desired inequality (3.4). Next, we shall prove the assertion that the coefficient 32 5 is the best possible in inequality (3.4). Consider inequality (3.4) in a general form as
(3.6)
Taking the limit in (3.6) as x → 0, we obtain
Consequently, the coefficients γ = 32 5 is the best possible in inequality (3.4) . This completes the proof of Theorem 3.1.
Theorem 3.2. For all nonzero real numbers x, the following inequality holds
where the coefficient Proof. To prove inequality (3.7), it is enough to prove that the following inequality
holds for x = 0. By appealing to inequality (2.6) mentioned in Section 2, i.e., cosh 
From g 3 (t) > 0 for t ∈ (1, +∞) and g 3 (1) = 756 > 0, we conclude that the function g 3 is increasing on (1, +∞), and deduce that g 3 (t) > g 3 (1) > 0 for t ∈ (1, +∞).
Similar to the discussions made above, by using the functional relationships
together with g 2 (1) = g 1 (1) = g(1) = 0, we deduce that each of the functions g 3 , g 2 , g 1 , g is increasing on (1, +∞), and conclude that, for t ∈ (1, +∞), g 3 (t) > 0, g 2 (t) > 0, g 1 (t) > 0, g(t) > 0.
Hence, we have Thus, the coefficients 8 5 is the best possible in inequality (3.7) , that is, it cannot be replaced by a larger constant. The proof of Theorem 3.2 is completed.
